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§ 1 Introduction
1. In this essay we always move within the theory of Cantor’s ordinal numbers. We use
the following notation:
1) Subtraction of ordinal numbers: If x and y are ordinals with y ≤ x, let x − y be the
ordinal one gets by subtracting y from the front of x, so that
y + (x− y) = x
.
2) Multiplication of ordinals: For any ordinal numbers x and y the product x · y equals
x added to itself y times.
3) The numbering of the number classes: The natural numbers including zero form the
first number class, the countably infinite order types the second number class, etc.; for k ≥ 2
Ωk−2 is the initial ordinal of the kth number class. We also use the usual designations
ω0 = ω
ω1 = Ω
4) The operation of the limit formation: Given a set of ordinal numbers, the smallest
ordinal number x, for which y ≤ x for all ordinal numbers y of this set, is the limit of this set
of ordinals. If x0 ≤ x1 ≤ x2 . . . is a monotone, non-nondecreasing sequence {xν} of ordinal
numbers xν whose length is a limit ordinal λ (i.e., ν passes through all ordinal numbers less
than λ, 0 ≤ ν < λ), we write for their limit
x = Limν<λxν
5) We make the following three definitions:
a) If there is an ordinal number x′ such that x = x′ + 1, x is said to be of the first kind.
2If x 6= 0 and is not of the first kind, then x is a limit ordinal. Then you can let x be the
limit of an ascending sequence of varying length; however, if x = Limν<λxν the inequality
ω ≤ λ ≤ x must hold.
b) x is of the second kind if an ascending sequence of length ω can be given whose limit
is x.
With that, the following alternative definition, which we will often use, is equivalent:
x is called of the second kind, if an ascending sequence of length λ can be given, whose
limit is x, and where λ is a limit ordinal of the second number class.
c) x is of the third kind if there is an ascending sequence of length Ω, whose limit is x.
The last two definitions 5) b) and 5) c) give an exhaustive and clear classification of the limit
ordinals of the third number class. Because, for such x, it cannot hold that
x = Limµ<Ωxµ = Limν<λxν , λ < Ω
where the two sequences {xν} and {yν} are ascending. Were this in fact the case, one could
get every ordinal yν as the smallest xµν larger than yν , that is, every ordinal ν < λ is an
ordinal µν < Ω, and {µν} is a monotone, nondecreasing sequence with Limν<λµν = Ω, but
because of λ < Ω and µν < Ω this can not be.
2. The problem of the distinguished sequences that we here want to look at, is the fol-
lowing problem: assign to each limit ordinal y of the second number class a unique ascending
sequence y0 < y1 < y2 < . . . of length ω such that y = Limµ<ωyµ.
This problem is of interest because it is related to the continuum problem. Because, if the
problem is solved, then you can after the approach of G. H. HARDY (1) specify an effective
well-order of an uncountable subset of the continuum by every ordinal number y < Ω,
clearly a number-theoretic problem. Functions fy(x) can be assigned by the determinations:
f0(x) = 0. If y = y
′ + 1 then f(y(x)) = fy′(x) + 1. If y is a limit ordinal of the second
number class and {yn} its distinguished sequence let fy(x) = fyx(x).
The most important approach to solving the problem of distinguished sequences is that
of O. VEBLEN (2). VEBLEN solves the problem for a large initial segment of the second
number class, by taking a sequence of length ΩΩ + 2 of normal functions and with its help
defined distinguished sequences for all limit ordinals smaller than a certain one, denoted
E(1), of the second number class. VEBLEN mentions the possibility of continuing this
procedure (2).
Then CHURCH and KLEENE (3) solve the problem for an even longer initial segment of
the second number class by analyzing some ordinal numbers of this to assign them a formal
representation. You can, however show that this method stops somewhere because a normal
function exists whose first critical point can not be represented. It must be noticed, that in
principle, such a formal method can not achieve the goal. You can not assign a formula to
every limit ordinal of the second number class, because every formalism represents only an
at most countable set.
3. In this work we want to proceed from VEBLEN as discussed in §2 and then (§4)
continue this (but not to a complete solution to the problem of distinguished sequences).
Then (§5) we give some basic considerations about the possibility of a complete solution of
the problem of the distinguished sequences, by continuing the procedure of VEBLEN and
then (§6) in addition some analogies concerning number-theoretic functions are considered.
3At the end (§7) we will relate the problem of the distinguished sequences to equivalent other
problems related to normal functions.
With VEBLEN we take the following two definitions:
1) A function φ(x) is called normal if the following conditions are fulfilled:
a) The set of arguments consists of all ordinal numbers x with 1 < x < ωk, where k > 0
is a fixed ordinal number; the value set is a subset the argument set.
b) Monotonicity: For arbitrary ordinal numbers x1 and x2 of the argument set with
x1 < x2, φ(x1) < φ(x2).
c) Continuity: If x is a limit ordinal < ωk, then φ(x) = Limx′<x(1+x
′). (We do not write
Limx′<x(x
′) because φ(0) is undefined.)
For a normal function defined in this way, we to use the term “normal function of class
k”; also we define the monotone increasing number-theoretic functions (they may be defined
as well as the normal functions, but with k = 0 and under elimination of the continuity
condition) as normal functions of class 0.
For every normal function φ
φ(x) ≥ x
for all x of the argument set (1 ≤ x < ωk), further
φ(x2)− φ(x1) ≥ x2 − x1
for any ordinal numbers x1, x2, with 1 ≤ x1 < x2 < ωk (because φ(x1+ ξ)−φ(x) is a normal
function of ξ; also φ(x1 + ξ) − φ(x1) ≥ ξ; you put ξ = x2 − x1) and the assertion follows),
furthermore
Limx<ωk(1 + x) = ωk
2) When φ(x) is a normal function of class k, the ordinal numbers x, which satisfy the
equation φ(x) = x, are the critical points of φ. VEBLEN proves that there are always critical
points, and that the set of critical points again is the value set of a normal function of class
k, the so-called derivative φ′ of φ.
In addition, we define the following: If you have a normal function φ(x), we define φn(x)
(where 0 ≤ n < ω), the n-fold iteration of φ, as follows:
φ0(x) = x
φ1(x) = φ(x)
φn+1(x) = φ(φn(x))
Let V φ denote the value set of φ. The intersection of sets is indicated by the sign D; e.g.
Dν<λV φν is the intersection of the value sets of a sequence of length λ of normal functions
φν .
§ 2 Three theorems about normal functions
1. In the following normal functions φ(x) of class k have value sets consisting of limit
ordinals. We want in this section to state three theorems on distinguished sequences that
we will use later on. From the definition of a normal function follows immediately:
4Theorem 1: If x is a limit ordinal < ωk, and 0 < x0 < x1 < . . . is an ascending sequence
{xν} of length λ, which is a limit ordinal, with x = Limν<λxν , then φ(x) = Limν<λφ(xν),
and the sequence under the limit operator {φ(xν)} is also an ascending one.
2. Now it is obvious, to use similar phrases for the values of certain given normal functions,
whose argument is of the first kind, i.e. ascending sequence for the values φ(x+1) of a normal
function.
We first consider the case that we have a normal function φ′ which is the derivative of
a given normal function φ. VEBLEN (2) shows that one gets all the values of φ′ from the
expressions Limn<ωφn(x), if for x one uses all arguments; we can use these expressions for
different x. Something more precise is given in VEBLEN; we only give the following special
case:
Theorem 2: The following hold:
φ′(1) = Limn<ωφ
n(1);
φ′(x+ 1) = Limn<ωφ
n(φ′(x) + 1) for all x with 1 < x < ωk;
the sequences under the limit operators are ascending.
Proof: Let’s temporarily write α = Limn<ωφ
n(φ′(x) + 1), so for 1 ≤ x < ωk
φ(x) < φ(x) + 1 ≤ φ(x+ 1)
so (because of the monotonicity of φ, and because the values of φ′ are critical numbers of φ)
φ(φ′(x)) = φ′(x) < φ(φ′(x) + 1) ≤ φ(φ′(x+ 1)) = φ′(x+ 1)
φn(φ′(x)) = φ′(x) < φn(φ′(x) + 1) ≤ φni(φ′(x+ 1)) = φ′(x+ 1)
so
φ′(x) < α ≤ φ′(x+ 1)
Since α is also a critical number of φ, it’s in V φ′, so α = φ′(x+ 1). The sequence for α is in
ascending order; because V φ only consists of limit numbers,
φ(φ(x) + 1) > φ(x) + 1
so
φ2(φ′(x) + 1) > φ(φ′(x) + 1) etc.
The proof of the first part of the claim Limn<ωφ
n(1) = φ′(1), can be done in exactly the
same way; you only have to replace everywhere in the above proof 0 for x, φ(x) and φ′(x).
3. Now consider, starting from a normal function φ of class k, a sequence of some length
λ (where λ is a limit ordinal < ωk) of normal functions φµ of class k (µ runs through all
ordinal numbers less than λ) with the property:
I) For every µ with 1 ≤ µ < λ, V φµ is the intersection of all sets of values V φ
′
ν for the
derivatives φ′ν with 0 ≤ ν < µ.
VEBLEN (2) shows that the enumeration of the common values of these normal functions
is again the value set of a normal function ψ of the same class:
Dµ<λV φµ = V ψ
5In this case the following holds:
Theorem 3: For each ascending sequence {λν} whose length is a limit ordinal π, where
Limν<πλν = λ (note that π ≤ λ),
ψ(1) = Limν<πψλν (1)
ψ(x+ 1) = Limν<πψλν (ψ(x) + 1) for all x with 1 < x < ωk;
the sequences under the limit operators are ascending.
Proof. We temporarily take the abbreviation
αν = φλν (ψ(x) + 1) for 0 ≤ ν < π
Then for 1 ≤ x < ωk we have ψ(x) + 1 ≤ ψ(x + 1) (because of monotonicity of φλν and
because the values of ψ are critical points of φλν ). Also
ψ(x) + 1 ≤ αν ≤ φλν(ψ(x+ 1)) = ψ(x+ 1)
whence
ψ(x) + 1 ≤ Limν<παν ≤ ψ(x+ 1)
If ν is fixed but arbitrary < π, then all αν′, for ν < ν
′ < π lie in V φλν , so Limν<παν is in
V φλν . Since this holds for any ν < π, Limν<παν is in V ψ; and so, because of the result
obtained above, Limν<παν = ψ(x+ 1).
The sequence {αν} is ascending: Obviously the sequence is non-decreasing. In addition,
αν < αν+1 for 0 ≤ ν < π; because of condition I) aν+1 is a critical point of φλν
aν+1 = φλν (aν+1);
if αν = αν+1 then
φλν(ψ(x) + 1) = φλν(αν+1)
would hold, so
ψ(x) + 1 = αν+1
would, which is impossible because αν+1 is a limit ordinal.
The first part of the claim, Limν<πφλν(1) = ψ(1), is proved the same way; one only has
to replace the symbols x and ψ(x) in the above proof by 0.
4. If we have a sequence of length ωk of normal functions φµ of class k (µ goes through
all ordinal numbers smaller than ωk), where for all µ with 1 ≤ µ < ωk the following hold:
II) a) V φµ is a subset of all V φ
′
ν with 0 ≤ ν < µ,
b) If µ is a limit ordinal < ωk then V φµ = Dν<µV φν ,
then the function formed from the initial numbers
χ(x) = φx(1)
is again a normal function of class k. This is proved by VEBLEN (2) for the special case of
the transfinite series of derivatives of a normal function; but it is valid on the assumption
II) in general; because by theorem 3, if µ is a limit ordinal < ωk, φµ(1) = Limµ<νψν(1).
On the other hand, for fixed x > 1 φµ(x) is not a normal function of µ; because then
φµ(x) > φµ(1) ≥ µ, that is, φµ(x) > µ for 1 ≤ µ < ωk.
6§ 3 The procedure of VEBLEN in a representation,
which allows generalization
1. VEBLEN provides a well-ordered, transfinite sequence of length ΩΩ + 2 (that we
denote F0) of normal functions φη of class 1 (η ≤ Ω
Ω + 1) and defines using these normal
functions and using properties described in the theorems of §2 distinguished sequences for all
limit ordinals y < φΩΩ+1(1) (= E(1) according to the notation of VEBLEN). Here, VEBLEN
defines for every limit ordinal < E(1) a symbol of the form φ(11, 12, . . . , xα . . . xβ), divides
these symbols into seven classes, and defines for each limit ordinal < E(1), depending on
the class of the associated symbol in various ways, a distinguished sequence (2). These
definitions use the theorems of §2; their application occurs but not clearly. Let’s start with
the procedure of VEBLEN, using these symbols in a slightly different representation to
make the application of the theorems of §2 more visible and thus make a generalization of
the method possible. This generalization will then be carried out in §4.
To complete the advertised program, we first need for every limit ordinal η ≤ ΩΩ a unique
ascending sequence {ηx} with length τη (where τη is a limit ordinal≤ Ω), so that η=
→Limx<τηηx
(the arrow above the equal sign means that {ηx} is the unique sequence assigned to η):
In particular η=→Limη′<η(1 + η
′) for every limit ordinal η ≤ Ω and ΩΩ=→Limx<ΩΩ
1+x.
If η is a limit ordinal of the considered range, then η can be written as a finite sum
η =
n∑
i=0
Ωxi · yi + z
(4), where 0 ≤ n < ω, 1 < yi < Ω, 0 ≤ z < Ω and Ω > x0 > x1 > · · · > xn ≥ 1. Here we
take the following definitions:
If z is of the second kind, let
η=→Limz′<z(
n∑
i=0
Ωxi · yi + (1 + z
′)) (case α)
Now assume z = 0, that is
η =
n∑
i=0
Ωxi · yi
If yn is of the second kind, then let
η=→Limy<yn(
n−1∑
i=0
Ωxi · yi + Ω
xn · (1 + y)) (case β)
(If n = 0, the sum
∑n−1
i=0 . . . must be replaced by 0.) If yn = y
′
n + 1, where y
′ ≥ 0 so that
η =
n−1∑
i=0
Ωxi · yi + Ω
xn · y′n + Ω
xn
you have to distinguish the following sub-cases:
7If xn is of the second kind, let
η=→Limx<xn(
n−1∑
i=0
Ωxi · yi + Ω
xn · y′n + Ω
1+x) (case γ)
If xn = x
′
n + 1, where xn ≥ 0, let
η=→Limy<Ω(
n−1∑
i=0
Ωxi · yi + Ω
xn · y′n + Ω
x′n · (1 + y)) (case δ)
(where Ω0 = 1).
Thus, as we can see, the first term η0 of each sequence {ηx} is greater than 0; we note,
only sequences with this property will ever be defined (cf. Note 1 of §4).
2. We can now make the statement: It is possible, for every ordinal number η ≤ ΩΩ + 1
to assign a normal function φn of class 1, i.e. to construct a sequence F0 of length Ω
Ω + 2
of normal functions of first class, formed so that the following properties are satisfied for all
η ≤ ΩΩ + 1:
1) a) φ0(x) = ω
x.
b) If η = η′ + 1 then φη = φ
′
η′ .
c) If η is of the second kind and η=→Limx<τηηx (τη < Ω), then V φη = Dx<τηV φηx .
(By specifying V φη of course, the function φη from the enumeration of V φη, to
the interval 1 ≤ x < ωk is clearly determined.)
d) If η is of the third kind and η=→Limx<Ωηx (i.e. τη = Ω), then φη(x) = φηx(1).
2) The sequences {ηx} of 1) have the following properties (for all x with 0 ≤ x < τn, in
case 1) d) for all x with 0 ≤ x < Ω):
a) If x is of the second kind, then ηx is of the second kind and ηx=
→Limx′<xηx′ (i.e.
the sequence for ηx is the a initial subsequence of that for η with τηx = x).
b) If η′ is a limit ordinal with ηx < η
′ ≤ ηx+1 then for the first term η
′
0 of the sequence
belonging to η′, η′0 ≥ ηx.
3) For the sequences {φηx} the following applies:
ηx + 1→ ηx+1 for all x with 0 ≤ x < τη
(If α, β are ordinal numbers with α < β then α→ β is an abbreviation for: V φη
is a subset of V φα for all η with α < η ≤ β).
Remark: VEBLEN chooses as initial function φ0(x) = 1 + x; we choose φ(x) = ω
x,
because we want to start from a set of values V φ0 which consists only of limit ordinals, and
so from that point on the functions are normal. Plus, you want to choose distinguished
sequences for all ordinals in V φ0, and for all other limit ordinals of the second number class.
For φ0(x) = ω
x this can be done, as we shall see (§7). One could as a starting function φ0
take any other class 1 normal function for which this property is fulfilled.
Proof of the existence of F0: The properties 2) follow from the definitions of the sequences
{ηx}, as follows. For η ≤ Ω the definition of the φη is made, as in paragraph 3 and 4 of §2
(with ωk = Ω). We now assume that φη is defined for all η < η0, where Ω < η0 ≤ Ω
Ω + 1, so
that the conditions 1) 2) 3) are fulfilled for these normal functions, and show that you can
then form φη0, so that these conditions are satisfied for all η ≤ η0:
8a) If η0 = η
′
0 + 1, then set φη0 = φ
′
η′0
,
b) If η0 is a limit ordinal and η0=
→Limx<τη0η
(x)
0 , we first prove that
3) is also satisfied for the sequence of functions {φ
(x)
η0 } belonging to η0. This follows directly
from 2) b), which already holds for the sequence {η0(x)}:
For a given x < τη0 we define a finite falling sequence {ζn}:
Let ζ0 = η
(x+1)
0 .
If η
(x)
0 + 1 < ζn and ζn = ζ
′
n + 1 let ζn+1 = ζ
′
n; then η
(x)
0 + 1 ≤ ζn+1 < ζn and ζn+1 → ζn.
If η
(x)
0 + 1 < ζn and ζn is a limit ordinal with ζn=
→Limy<τζn ζ
(y)
n let ζn+1 = ζ
(1)
n . By the
induction hypothesis η
(x)
0 + 1 ≤ ζn+1 < ζn and ζn+1 → ζn (because ζ
(0)
n ≥ η
(x)
0 , Vφη is also a
subset of Vφζη (1) for ζ
(1)
n < η ≤ ζn).
After finitely many regressions there is a natural number n0 with ζn0 = η
(x)
0 + 1; thus
η
(x)
0 + 1 = ζn0 → ζn0−1 → · · · → ζ1 → ζ0 = η
(x+1)
0
so
η
(x)
0 + 1→ η
(x+1)
0
Thus the properties 2) 3) for the sequence {η
(x)
0 } and for the function sequence {φ
(x)
η0 } are
proved; it follows that this sequence {φ
(x)
η0 } of length τη0 of normal functions has the properties
I) or II) of §2. One may define:
V φη0 = Dx<τηV φη(x)0
for η0 second kind
φη0(x) = φ
(x)
η0
(1) for η0 third kind;
if η0 is of the second kind, then φη0(1) ≤ τη0 .
This proves the existence of F0 by means of transfinite induction.
We now prove another property of F0:
Proposition: For all η < ΩΩ: If η is of the second kind, η=→Limx<τη and φη(1) = τη (where
τη is the length of the sequence belonging to η) there is an ordinal η˜ of the third kind with
η < η≤˜ΩΩ and η˜=→Limx<Ωη˜x, so that
η˜x = ηx for all x < τη
η˜τη = η
τη is then a critical point of φη˜ i.e. τη is in V φη˜+1.
Proof: For η < Ω η˜ = Ω. If η > Ω, then η is of second kind, in a case α, β, γ (see above).
In the case α η˜ =
∑n
i=0Ω
xi · yi + Ω, in case β η˜ =
∑n−1
i=0 Ω
xi · yi + Ω
xn+1; in the case of γ
you have to distinguish two sub-cases: if η = Ωx0 , x0 of the second kind, the corresponding
η˜ = ΩΩ; if Ωx0 < η =
∑n
i=0Ω
xi · yi < Ω
Ω, it follows from property 3) of the ΩΩ distinguished
sequence that φΩ1+x
φη(1) > φΩx0 (1) ≥ τΩx0 = x0 ≥ xη = τη
so
φη(1) > τη
9If the premises of the proposition are fulfilled, then 1) d) φη˜(τη˜) = φητη (1) = τη, i.e. τη is a
fixed point of φη˜.
3. Using the sequence F0 of normal functions φη of first class you can get distinguished
sequence {yη} of length ω for y < φΩΩ+1(1) = E(1), which we will write with two arrows.
We define ω=→→Limn<ω(1 + η); then assuming that the assignment of the distinguished
sequences is carried out for all limit ordinals y′ < y, where ω < y < E(1) is a limit ordinal.
Then you can also for y define the distinguished sequence:
1) If y is not in V φ0, then we take the unambiguous representation
y = ωx0 · x1 + x2
where 1 ≤ x0 < Ω, 1 ≤ x1 < ω, 0 ≤ x2 < ω
x0 (2). Then ωx0 < y, x1 < y, and x2 < y.
If x2 is a limit ordinal and x2=
→
→Limn<ωx
n)
2 , then
y=→→Limn<ω(ω
x0 · x1 + x
(n)
2 )
If x2 = 0 and x1 = x
′
1 + 1 (x
′
1 ≥ 1), and ω
x0=→→ limn<ω ξn, then
y=→→Limn<ω(ω
x0 · x1 + ξn)
2) If y is in V φ0, then there is a last normal function φη with 0 ≤ η ≤ Ω
Ω, so that y is
in Vφη , but not in Vφη′ for all η
′ with η < η′ ≤ ΩΩ + 1. This can be proved with the same
considerations as we (with more general conditions) give in §5; to the train of thought not
being interrupted, let us with this reference to §5 be content. – There is thus an x with
1 ≤ x ≤ Ω and
y = φη(x) > x
If x is a limit ordinal and x=→→Lim(xn), by theorem 1 of §2
y=→→Limn<ωφη(xn)
If x = x′ + 1 (x′ ≥ 0), one has four cases to distinguish:
a) If η = 0, let
y=→→Limn<ω(φ0(x
′) · (1 + n))
b) If η = η′ + 1, then by the second theorem of §2 set
y=→→Limn<ωφη′(1) for x
′ = 0
y=→→Limn<ωφη′(φη(x
′) + 1) for x′ ≥ 1
c) If η is of second kind, then for x′ ≥ 1, y = φη(x
′+1) > φη(x
′) ≥ φη(1) ≥ τη, i.e. τn < y;
but also for x′ = 0, τη < y; because if y = φη(1) = τη, then, according to the proposition
of this paragraph, an η˜ of third kind would exist. so that y would be V φη˜ + 1, which is a
contradiction to the fact that y is not in V φη′ for y
′ > y. If η=→→Limx<τη and τη=
→
→Limn<ωσn
then one can put after theorem 3 of §2:
y=→→Limn<ωφησn (1) for x
′ = 0
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y=→→Limn<ωφησn (φη(x
′) + 1) for x′ ≥ 1
d) Finally, if η is of the third kind, then y = φη(x
′+1) = φη′+1(1), and y lies not in V φη′
for ηx′+1 < η
′ < η and η′ > η. Now ηx′+1 is again third kind. etc. In any case, there is a finite
sequence {ζν} with η = ζ0 > ζ1 > · · · > ζn ≥ 1, 1 ≤ n < ω, so that ζν is of the third kind for
0 ≤ ν < n but ζn not of the third kind, and y = φζν(1) for 0 < ν ≤ n, y = φζ0(x
′ + 1), y is
not in V φη′ for ζν+1 < η
′ < ζν (0 ≤ ν < n).
If now ζn = ζ
′
n + 1 then theorem 2 of §2 can be applied: Let
y=→→Limm<ωφζ′mn (1)
If ζn is of the second kind, theorem 3 of §2 can be applied. This gives then really a
definition for a distinguished sequence for y; because it follows that y = φζn(1) > τζn .
First of all, y ≥ τηn (see the end of the proof of existence of F0). If y = φζn(1) = τζn then,
according to the further proposition given above there would exist an ordinal µ of the third
kind, with ζn < µ ≤ Ω
Ω, with y in V φµ+1. But because y is not in V φη′ for ζν+1 < η
′ < ζν
(0 ≤ ν < n) and for ζn < η
′ ≤ ωω + 1, that would be a contradiction.
Now if ζn=
→Limx<τζnζ
(x)
n and τζn=
→
→Limm<ωσm, then one can set:
y=→→Limm<ωφζ(σm)n (1)
4. We now want to compare this theory with the theory of CANTOR’s ǫ-numbers (5.6).
After CANTOR one refers to the critical points of φ0(x) = ω
x as ǫ-numbers. One usually
designates the first ǫ-number φ1(1) with ǫ itself. These ǫ-numbers play a major role in the
problem of the distinguished sequences:
Just making use of the three operations addition, multiplication and exponentiation of
ordinal numbers, and multiple uses of the constants 1 and ω, all ordinal numbers smaller than
ǫ are obtained; also very easily (in a well-known manner) distinguished sequences may be
defined for all limit ordinals of this set. For ǫ you need a new symbol, if one does not want to
introduce new operations, and a new definition, e.g. ǫ = ωω
ω...
}
1+n. ǫ = limn<ω ω
ωω...
}
1+n.
After adding this new symbols, the represented ordinal numbers are those smaller than the
first critical point of the normal function ǫx, which we call ǫ1, and distinguished sequences
for such limit ordinals may be defined; furthermore one defines e.g. ǫ1 = Limn<ωǫ
ǫǫ...
}
1 + n.
Continuing, one reaches the first critical point ǫ2 of ǫ
x
1 , etc. We still want to arrange that we
only use simple indexes (not indices of indexes).
We therefore obtain a similar procedure to that of VEBLEN; by diluting the value sets
of normal functions new normal functions are formed: we define for 1 ≤ ν < Ω ǫν+1 as the
first critical point of ǫxν ; and for ν = Limν′<ν(1 + ν
′), ǫν = Limν′<νǫ1+ν′ ; with this we have a
normal function ǫν (as a function of the index ν). In the foregoing the ordinal numbers using
the three operations are needed for the first critical point of the normal function ǫν , which we
denote by η, again a new symbol; then the representation succeeds (and also the definition
the distinguished sequences) up to the first critical point η1 of η
x. Defining for 1 ≤ ν < Ω
ην + 1 as the first critical point of η
x
ν , and for ν = Limν′<ν(1 + ν
′), ην = Limν′<νη1+ν′ , we
obtain again a normal function ην (as a function of ν); to continue you only need a new
symbol for the first critical point (e.g. ζ), etc. We want to continue this process until we
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have a sequence of length ω of symbols 1, ω, ǫ, η . . . . We denote the limit of this sequence
with λ. On the basis of the three operations addition, multiplication and exponentiation,
using only simple indices and with finite use of symbols from the above series of length ω.
all ordinal numbers of the second number class, smaller than λ, can be represented, and also
with the help of the three operations distinguished sequences defined for the limit ordinals
less than λ.
We now want to compare this new sequence of normal functions with the sequence F0
of VEBLEN: The derivative of the normal function αx (where ω < α < Ω) is the function
φ1(β + (x − 1)), where φ1(β) is the first ǫ-number > α (2). Now, ǫ1 is the first ǫ-number
after ǫ, i.e. ǫ1 = φ1(2), furthermore ǫν+1 is the first ǫ-number after ǫν ; in general
ǫν = φ(1 + ν) for 1 ≤ ν < Ω.
η is the smallest ordinal satisfying the relation η = ǫη = φ1(1 + η) = φ1(η); thus η = φ2(1).
Similarly, η1 is the first ǫ-number after η1, so η1 = φ1(η + 1), and ην+1 the first ǫ-number
after ην ; in general
ην = φ1(η + 1) for 1 ≤ ν < Ω.
ζ is the smallest ordinal > η satisfying the relation ζ = ηζ = φ1(η + ζ) = φ1(ζ) (using
η + ζ = ζ (5) (6)), so ζ = ψ2(2). Further ζν = φ1(ζ + ν), etc. Continuing
λ = φ2(ω);
the procedure of VEBLEN gives thus already in its beginning distinguished sequences for
all limit ordinals < λ; it immediately delivers much stronger thinnings of the sets of values
than the method with the ǫ-numbers described above.
§ 4 Continuation of the procedure of VEBLEN
1. In the last section we first have for every limit ordinal η ≤ ΩΩ a unique ascending sequence
{ην} of length τη with η=
→Limx<τηηx. To continue the sequence F0 of normal functions φη of
first class, one must give to further limit ordinals of the third number class such ascending
sequences. It is now obvious to perform this task with the help of normal functions of second
class, in an analogous way as VEBLEN with the help of normal functions of first class defines
the distinguished sequences of limit ordinals of the second number class.
First, we define a sequence of length ω2 + 2 of normal functions Fζ(ξ) of second class (ζ
traverses all ordinal numbers ≤ ω2 + 1) by the following definitions:
F0(ξ) = Ω
ξ
Fζ+1 = F
′
ζ for 0 ≤ ζ ≤ ω2
V Fζ = Dζ′<ζV Fζ′ , if ζ is a limit ordinal < ω2
Fω2(ξ) = Fξ(1)
2. With the help of this sequence of normal functions Fζ of second class we want for
every limit ordinal η ≤ Fω2+1(1) a unique ascending sequence {ηx}, whose length is a limit
ordinal τn ≤ Ω, so that η=
→Limx<τηηx.
12
Here we have to proceed in three steps:
1) First, we give the initial definition:
η=→Limη′<η(1 + η
′), if η is a limit ordinal ≤ Ω
2) In a second step we then assign to each additional limit ordinal η ≤ Fω2+1(1) a function
Φη(ξ), a normal function of second class, so that
η = Φη(ξη)
ξη a certain limit ordinal < ω2
and
Φη(ξ) > ξ for all ξ with 1 ≤ ξ ≤ ξη
(note that the “function” is a normal function φη(ξ), only defined for 1 ≤ ξ ≤ ξη and not for
1 ≤ ξ < ω2 like this would have to be at a normal second-class function):
a) If Ω < η ≤ Fω2+1(1) and η is not in V Fω, you have for η a clear representation of the
form
η = Ωξ0 · ξ1 + ξ2
where 1 ≤ ξ0 < ω2, 1 ≤ ξ1 < Ω, 0 ≤ ξ2 < Ω
ξ0 .
If ξ2 is a limit ordinal, let
ξη = ξ2, Φη(ξ) = Ω
ξ0 · ξ1 + ξ for 1 ≤ ξ ≤ ξη (Case A)
If ξ2 = 0 and ξ1 = ξ
′
1 + 1 (ξ
′
1 ≥ 1), let
ξη = Ω
ξ0 , Φη(ξ) = Ω
ξ0 · ξ′1 + ξ for 1 ≤ ξ ≤ ξη (Case B)
If ξ2 = 0 and ξ1 is a limit ordinal, let
ξη = ξ1, Φη(ξ) = Ω
ξ0 · ξ for 1 ≤ ξ ≤ ξη (Case C)
b) If η lies in V F0, Ω < η ≤ Fω2+1(1), then there is a last normal function Fζ(ξ) with
0 ≤ ζ ≤ ω2 + 1, such that η is in V Fζ , but not in V Fζ′ for all ζ
′ with ζ < ζ ′ ≤ ω2 + 1. This
is by analogy to considerations as we will give in §5. So you have a ζ ′η with 1 ≤ ξ
′
η < ω2 and
η = Fζ(ξ
′
η) > ξ
′
η
If ξ′η = ξ
′′
η+1 for ξ
′′
η ≥ 1, then ζ < ω2, otherwise η would be in V Fω2 ; one has the following
cases:
ζ = 0, ξ′′η ≥ 1: Then
ξη = Ω, Φη(ξ) = Ω
ξ′′η · ξ for 1 ≤ ξ ≤ ξη (Case D)
ζ = ζ ′ + 1, ζ ′ < ω2, ξ
′′
η ≥ 1: Then
ξη = ω, Φη(ξ) = F
ξ
ζ′(Fζ(ξ
′′
η ) + 1) for 1 ≤ ξ ≤ ξη, Φη(ξη) = η (Case E)
The second theorem of §2 applies.
ζ a limit ordinal of the third number class, ξ′′η ≥ 1: Then let
ξη = ζ, Φη(ξ) = Fξ(Fη(ξ
′′
η ) + 1) for 1 ≤ ξ < ξη, Φη(ξη) = η (Case F )
Here Φη(ξ) really is a normal function; because if ζ
′ is a limit ordinal < ζ then (by theorem
3 of §2, and because Fζ(ξ
′′
η) is a critical point of Fζ′)
Φη(ζ
′) = Fζ′(Fζ(ξ
′′
η ) + 1) = Limζ′′<ζ′F1+ζ′′(Fζ′(Fζ(ξ
′′
η )) + 1)
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= Limζ′′<ζ′F1+ζ′′Fζ(ξ
′′
η ) + 1) = Limζ′′<ζ′Φη(1 + ζ
′′)
furthermore
Φη(ξ) > Fξ(1) ≥ ξ for 1 ≤ ξ ≤ ξη
In case F, theorem 3 of §2 is applied.
ζ = ω2, ξ
′′
η ≥ 0: Then η = Fξ′′η+1(1) and
ξη = ω, Φη(ξ) = F
ξ
ξ′′η
(1) for 1 ≤ ξ < ξη, Φη(ξη) = η (Case E
′)
The second theorem of §2 is also used here.
ζ = ω2 + 1, ξ
′′
η = 0, η = Fω2+1(1): Then
ξη = ω, Φη(ξ) = F
ξ
ω2
(1) for 1 ≤ ξ < ξη, Φη(ξη) = η
This case is also taken under Case E′.
If ξ′η is a limit ordinal, η = Fζ(ξ
′
η) > ξ
′
η, then if η is greater than the first critical point of
Fζ , then there exists is a final critical point ρ of Fζ , such that ρ = Fζ(ρ) = Fζ+1(µ), µ ≥ 1,
Fζ+1(µ) < η < Fζ+1(µ + 1). This follows because, ξ
′
η is not a critical point of Fζ , and the
critical points of Fζ are the value set of a normal function. If η is smaller than the first
critical point of Fζ , we set ρ = 0. Now set
ξη = ξ
′
η − ρΦη(ξ) = Fζ(ρ+ ξ) for 1 ≤ ξ ≤ ξη (Case G)
The normal functions Φη(ξ) thus defined satisfy in all cases A to G the required conditions.
3) In a third step we can now define the sequences {ηx} for all limit ordinals η ≤ Fω2+1(1):
in the first step this was done for η ≤ Ω. Suppose the definitions are given for all limit ordinals
η′ < η, where η is a limit ordinal with Ω < η ≤ Fω2+1(1). Then you can also define such
a sequence for η; because after the second step you have a clearly defined normal function
φη(ξ) with the above described properties, so that
η = Φη(ξη), ξη a limit ordinal <η
If ξη=
→Limx<τξη ξ
(x)
η , then set η=→Limx<τξηΦ(ξ
(x)
η ). The task of determining the sequence {ηx}
is thus accomplished by means of the principle of transfinite induction. Note that τη = τξη
for all η with Ω < η ≤ Fω2+1(1).
3. According to the above explanations, it is now possible to create a sequence F1 of
length Fω2+1(1) + 1 of normal functions φη(x) of first class, such that for all η ≤ Fω2+1(1):
1) a) φ0(x) = ω
x.
b) If η = η′ + 1 then φη = φ
′
η′ .
c) If η is of the second kind and η=→Limx<τηηx then V φη = Dx<τηV φηx .
d) If η is of the third kind and η=→Limx<Ωηx then φη(x) = φηx(1).
2) a) If η=→Limx<τηηx and µ is a limit ordinal < τη, then ηµ=
→Limx<µηx.
b) If η=→Limx<τηηx then ηx + 1→ ηx+1 for all x with 0 ≤ x < τη.
(Again we use the abbreviation α → β for: V φη is a subset of V φα all η with
α < η ≤ β.)
We now proceed to prove this claim. For the beginning of the sequence F1 the above proper-
ties are obviously fulfilled, because F0 is an initial segment of F1 because the sequences {ηx}
for η ≤ ΩΩ for the former and in this paragraph are the same.
14
To prove the existence of the whole sequence F1 we assume that we have already set
up all φη for all η < η0, where Ω < η0 ≤ Fω2+1(1), so that the above conditions 1) 2) are
satisfied. Then we show that φη0 can be defined, so that the conditions apply to all η ≤ η0.
If η0 is a limit ordinal, and condition 2) holds for the sequence {η
(x)
0 } for η0 (so that
η0=
→Limx<τη0η
(x)
0 ) then one can, since then the sequence {φη(x)0
} of normal functions has the
property I) or II) of §2, for η0 of the second kind set V φη0 = Dx<τη0V φη(x)0
, and for η0 of
the third kind set φη0(x) = φη(x)0
(1). So we just have to prove condition 2) for the sequence
{η
(x)
0 }.
It is very easy to show that 2) a) holds: If η is a limit ordinal with Ω < η ≤ Fω2+1(1),
then, according to no. 2 of this section, one has a limit ordinal ξη, so that ξη = Φξη(ξξη) > ξξη ,
thus (if ξη > Ω) a limit ordinal ξξη , such that ξη = Φξη > ξξη etc. After finitely many steps
you get the form
η = Φζ0Φζ1 . . .Φζn(µη)) . . . )
(with superfluous parentheses omitted) with
η = ζ0 > ζ1 > · · · > ζn > µη, 0 ≤ n < ω
Ψη(x) (defined at least for 1 ≤ x ≤ µη) is an initial segment of a normal function; because a
normal function of a normal function is once again a normal function. From the definitions
of the sequences {ηx} follows, how to easily consider,
ηx = Ψη(1 + x);
if µ is a limit ordinal ≤ µη then (letting µ = Limµ′<µ(1 + µ
′), Φζn(µ)=
→Limµ′<µΦζn(1 + µ
′),
Φζn−1Φζn(µ)=
→Limµ′<µΦζn−1ΦζnΦζn(1 + µ
′), etc.)
Ψη(µ)=
→Limx<µΨη(1 + x)
Further, µη = τη, where τη is the length of the sequence belonging to η. – This proves 2) a).
To prove 2) b), we need the following three propositions:
Proposition 1: Assume that an initial subsequence of F1, satisfying necessary require-
ments (for η < η0) is given. Suppose F (ξ) is a normal function of second class with the
properties:
F (ξ) + 1→ F (ξ + 1) for all ξ ≥ 1 with F (ξ + 1) < η0
F (η)=→Limx<τηF (ηx), if η=
→Limx<τηηx for all limit ordinals η with F (η) < η0
Let α, β be ordinal numbers with 1 ≤ α < β, α→ β, and F (β) < η0. – Then F (α)→ F (β).
Proof: a) First, we show by transfinite induction that V φF (ζ) is a subset of V φF (α) for
α < ζ ≤ β: This is because of F (α) + 1 → F (α + 1) for ζ = α + 1. Now let α + 1 < ζ ≤ β
and let V φF (ζ′) be a subset of V φF (ζ′) for all ζ
′ with α < ζ ′ < ζ ; we show that then V φF (ζ)
is a subset of V φF (α):
If ζ = ζ ′ + 1 (ζ ′ > α), then the claim is proven because of F (ζ ′) + 1→ F (ζ ′ + 1).
If ζ is second kind and ζ=→Limx<τζζx, then F (ζ)=
→Limx<τζF (ζx); there is a first x0 such
that F (ζx0) > F (α); so, by the induction hypothesis V φF (ζx0) is a subset of V φF (α), and
because of property 2) b) of the sequence V φF (ζx) and by the definition of φF (ζ), V φF (ζ) is a
subset of V φF (ζx0), that is V φF (ζ) is a subset of V φF (α).
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If ζ is third kind and ζ=→Limx<Ωζx, because of property 2) b) of the sequence {φF (ζx)} and
according to the definition of φF (ζ) V φF (ζ) is a subset of V φF (ζ1). Now, in addition, α ≤ ζ1;
for if α > ζ1, then because of property 2) b) of the sequence {φζx} ζ1+1→ α would hold, so
φζ(1) = φζ1(1) < φα(1). Because of the requirement α → β, α → ζ , that is, φα(1) ≤ φζ(1),
which contradicts previous results. So α ≤ ζ1 and thus V φF (ξ) is a subset of V φF (α).
b) If F (α) < ζ < F (β), but ζ is not in V F and F (γ) < ζ < F (γ + 1), α ≤ γ < β, then
because of the premise F (γ)→ F (γ + 1) V φζ is a subset of V φF (γ), hence of V φF (α).
The first proposition is also “concrete”; because one can understand the formation of all
normal functions φξ′, for ξ
′ < ξ as ξ-fold iteration of the formation of the derivative, and the
formation of all φξ′ for ξ
′ < F (ξ) as ξ-fold iteration of the operation, each of φF (ξ′) over all
φη (F (ξ
′) < η < F (ξ + 1)) on φF (ξ′+1).
These two transfinite iterations are to some degree similar, since if η is a limit, the η-fold
iterations in both cases exactly match (because F (η)=→Limx<τηF (ηx) when η=
→Limx<τηηx).
Proposition 2: Every ordinal number of V F0 (and also of V φ0) has the property that
it is equal to all its residues, i.e. if α is in V F0 or V φ0 and if β < α, then α − β = α, or
β + α = α.
Proof: We prove with a slight generalization a fact from HAUSDORFF (4), that for
ξ ≥ 1 each power ρξ of the ordinal number ρ, which is equal to all its residues, also has this
property:
Let β < ρξ, so β = ρη · ζ + µ, where
0 ≤ η < ξ, 0 ≤ ζ < ρ, 0 ≤ µ < ρη
If one defines σ by ρξ = ρη+1 + σ, then because ρ 6= 1
β + ρξ = ρη · ζµ + ρ
ξ ≤ ρη · (ζ + 1) + ρeta+1 + σ = ρη · (ζ + 1 + ρ) + σ = ρη+1 + σ = ρξ
If we take for ρ the ordinals ω and Ω, then we get the statement of second proposition.
Proposition 3: Assuming that all φη for η < η0 satisfy the requirements 1) 2) (No. 3 of
§4), then
Φη(ξ) + 1→ Φη(ξ + 1)
for any function Φη defined in no. 2 of this section, for
1 ≤ ξ < ξη and Φη(ξ + 1) < η
Proof: For Φη(ξ) cases A to G are considered (cf. Nr. 2 of §4).
For cases A and B, the claim is trivial.
In cases C and D, φη(ξ) = Ω
ξ0 · ξ; because of 1→ Ωξ0 by the first proposition (where the
function F , F (ζ) = Ωξ0 · ξ + ζ is defined)
Φη(ξ) + 1 = Ω
ξ0 · ξ + 1→ Ωξ0 · ξ + Ωξ0 = Φη(ξ + 1)
if Φη(ξ + 1) < η0.
Case G: We have Φη(ξ) = Fζ(ρ+ ξ), ρ ≥ 0. We prove that Fζ(ξ) + 1→ Fζ(ξ + 1) holds
for all ζ with 0 ≤ ζ ≤ ω2 + 1, provided Fζ(ξ + 1) < η0:
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This assertion holds for ζ = 0, because as in cases C and D,
F0(ξ) + 1 = Ω
ξ + 1→ Ωξ · 2
further
Ωξ · 2→ Ωξ · Ω = F0(ξ + 1)
from property 2) b) of the sequence {φΩξ·x} and from the definition of φΩξ·Ω. So you have
F0(ξ) + 1→ F0(ξ + 1).
Now suppose the assertion holds for all Fξ′ with ζ
′ < ζ , where 0 < ζ ≤ ω2 + 1; we will
show that it holds for Fζ :
If ζ = ζ ′ + 1 then Fζ(ξ + 1)=
→Limn<ωF
1+n
ζ (Fζ(ξ) + 1). Because of property 2) b) the
sequence {φF 1+n
ζ′
(Fζ(ξ)+1)
} satisfies, using the induction hypothesis,
Fζ′(Fζ(ξ)) + 1 = Fζ(ξ) + 1→ Fζ′(Fζ(ξ) + 1)→ Fζ(ξ + 1)
If ζ is a limit ordinal < ω2 with ζ=
→Limx<τζζx then
Fζ(ξ + 1)=
→Limx<τζFζx(Fζ(ξ) + 1)
By arguments similar to ones given above
Fζ0(Fζ(ξ)) + 1 = Fζ(ξ) + 1→ Fζ0(Fζ(ξ) + 1)→ Fζ(ξ + 1)
If ζ = ω2, then, Fζ(ξ + 1) = Fξ+1(1)=
→Limη<ωF
1+n
ξ (1), so because of property 2) b) for
the sequence {φx1+n
ξ
(1)}
Fζ(ξ) + 1 = Fξ(1) + 1→ Fζ(ξ + 1)
Case E: Then Φη(n) = Fζ′n(δ), where n < ω, ξ
′′
η ≥ 1 and
δ = Fζ(ξ
′′
η ) + 1
If Fζ′2(δ) < η0, one has because of the result obtained in case G
Fζ′(δ) + 1→ Fζ′(δ + 1);
you use Proposition 1 (with F (ξ) = Fζ′(Fζ(ξ
′′
η )+ξ)
1) and Proposition 2, so because 2→ Fζ′(δ)
(cf. the remark at the end of this proof) and Fζ(ξ
′′
η ) < Rζ′(δ)
Fζ′(δ + 1) = Fζ′(Fζ(ξ
′′) + 2) = F (2)→ F (Fζ′(δ)) =
Fζ′(Fζ(ξ
′′
η ) + Fζ′(δ)) = Fζ′(Fζ′(δ)) = Fζ′2(δ)
therefore
Fζ′(δ) + 1→ Fζ′2(δ)
In an analogous manner, for 1 ≤ n < ω and F n+2ζ′ (δ) < η0 from F
n
ζ′(δ) + 1 → F
n+1
ζ′ (δ)
because of Proposition 1 (with F (ξ) = Fζ′(Fζ(ξ
′′
η) + ξ) and Proposition 2:
1The application of the first proposition is permitted because the first critical point Fζ′(ξ) after Fζ(ξ
′′
η )
is Fζ(ξ
′′
η + 1), that is the condition F (ξ)=
→Limx<τξF (ξx) is always satisfied for the ξ in question.
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F n+1ζ′ (δ) + 1 = Fζ′F
n
ζ′(δ)) + 1→ Fζ′(F
n
ζ′(δ) + 1) =
Fζ′(Fζ(ξ
′′
η ) + F
n
ζ′(δ) + 1) = F (F
n
ζ′(δ) + 1)→ F (F
n+1
ζ′ (δ)) =
Fζ′(Fζ(ξ
′′
η ) + F
n+1
ζ′ (δ)) = Fζ′(F
n+1
ζ′ (δ)) = F
n+2
ζ′ (δ)
therefore
F n+1ζ′ (δ) + 1→ F
n+2
ζ′ (δ)
Thus, in general
F nζ′(δ) + 1→ F
n+1
ζ′ (δ) for 1 ≤ n < ω and F
n+1
ζ′ (δ) < η0.
In the case of E′ (ξ′η = 0) proceed exactly as in case E, only replace δ by 1 and Fζ(ξ
′′
η ) by 0;
then
F nζ′(1) + 1→ F
n+1
ζ′ (1) for 1 ≤ n < ω and F
n+1
ζ′ (δ) < η0
Case F: One has Φη(ξ + 1) = Fξ+1(δ)=
→Limn<ωF
n+1
ξ (Fξ+1(Fζ(ξ
′′
η )) + 1)
=→Limn<ωF
1+n
ξ (δ)
so, because of property 2) b) for the sequence {φF 1+η
ξ
(δ)}
Φη(ξ) + 1 = Fξ(δ) + 1→ Φη(ξ + 1)
Remark 1: In this proof the property 2→ α (for 2 < α < η0) is used. This holds; because
η is a limit ordinal < η0 and η=
→Limx<τηη
(x), so φη(1) ≥ φη(1)(1), η
(0) ≥ 1, η(1) ≥ 2; from
which follows 2→ α.
Now that these auxiliary propositions have been proven, it is very easy to prove 2) b) for
the sequence {η
(x)
0 } of η0:
One has an associated normal function Φη0(ξ) and a limit ordinal ξη0 so that
η0 = Φη0(ξη0) > ξη0
and Φη0(ξ) > ξ for all ξ with 1 ≤ ξ ≤ ξη0 .
Since ξη0=
→Limx<τη0ξ
(x)
η0 , η
(x)
0 = Φη0(ξ
(x)
η0 ) and by assumption
ξ(x)η0 + 1→ ξ
(x+1)
η0
for 0 ≤ x < τη0
By Proposition 3, Φη0(ξ) + 1 → Φη0(ξ + 1); by applying the first Proposition (with F (ξ) =
Φη0(ξ)) it follows that
η
(x)
0 + 1 = Φη0(ξ
(x)
η0
) + 1→ Φη0(ξ
(x)
η0
+ 1)→ Φη0(ξ
(x+1)
η0
) = η
(x+1)
0
which was to be proved.
4. Using the sequence F0 of normal functions φη of first class, whose Existence has been
proved, it is now possible to define for any limit ordinal y < φF
Ω(1)+1
(1) a distinguished
sequence {yη} of length ω such that y=
→
→Limn<ωyn.
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But for this we need another proposition:
Proposition 4: For all η < FΩ(1) we have: if η is of the second kind, η=
→Limx<τηηx and
φη(1) = τη, then there exists an ordinal number η˜ of the third kind with η˜=
→Limx<Ωη˜x and
η < η˜ ≤ FΩ(1), such that η˜x = ηx for all x < τη and η˜τη = η.
Proof: The proposition holds for η < ΩΩ, as we have shown in §3. We now suppose that
the theorem holds for all η′ < η, where η is a limit ordinal with Ω < η < FΩ(1), and show
that then the theorem also holds for η:
One has η = Φη(ξη) > ξη, for ξη of the second kind. You can by means of transfinite
induction readily show that φΦη(ξ)(1a ≥ φξ(1)) for 1 ≤ ξ ≤ ξη, in particular
φη(1) ≥ φξη(1)
If φξη(1) > τξη , then φη(1) > τξη = τη; so this case does not occur.
We now consider the case that φξη(1) = τξ; then according to the induction hypothesis
there exists a ξ˜η of third kind with the above required properties.
For η then the following possibilities exist (cf. No. 2 of §4):
Case A: η = Ωξ0 · ξ1 + ξ2, ξη = ξ2 of the second kind < Ω
ξ0 . Then ξη ≤ Ω
ξ0 so set
η˜ = Ωξ0 · ξ1 + ξ˜η. ξ˜η > Ω
ξ0 , so ξη < Ω
ξ0 < ξ˜η and property 2) b) of ξ˜η is the result of
φΩξ0 (1) > φξη(1);
since, further, φη(1) > φΩξ0 ·ξ+1(1) ≥ φΩξ0 (1), φη(1) > φξη(1), therefore
φη(1) > τη
Case B: η = Ωξ0 · (ξ′1 + 1), ξ
′
1 ≥ 1, ξη = Ω
ξ0 , ξ0 second kind. Then
φη(1) > φΩξ0 (1) = τη
Case C: η = Ωξ0 · (ξ1), ξη = ξ1 of the second kind < Ω. Set η˜ = Ω
ξ0+1.
Case D: η = Ωξ
′′
η+1 is of third kind.
Case E and E ’: η=→Limξ<ωF
1+ξ
ζ′ (Fζ(ξ
′′
η) + 1) or =
→Limξ<ωF
1+ξ
ζ′ (1), so τη = ω, so certainly
φη(1) > τη.
Case F: η = Fξη(ξ
′′
η +1), ξ
′′
η ≥ 1. Since η < FΩ(1) is assumed, ξη < Ω, so ξη = Ω. Because
Fξ(1) < η < FΩ(1), φη(1) > φFξη(1)(1) ≥ τξη = τη.
Case G: η = Fξ(ρ + ξη), 0 ≤ ζ < Ω or ζ = ω2; either ρ = Fζ+1(µ), Fζ+1(µ) < η <
Fζ+1(µ+ 1), µ > 0; or then 0 < η < Fζ+1(1), and ρ = µ = 0.
Now if ξ˜η < Fζ+1(µ+ 1), set η˜ = Fζ(ρ+ ξη). Then because of proposition 2
η˜ < Fζ(ρ+ Fζ+1(µ+ 1)) = Fζ(Fζ+1(µ+ 1)) = Fζ+1(µ+ 1)
so η˜ satisfies the required conditions.
But if ξ˜η ≥ Fζ+1(µ+ 1), then Fζ(ρ+ ξ˜η) ≥ Fζ1(µ+ 1). Then because ξη < η < ξ˜
φη(1) > φξη(1) = τη
In each of the above cases, η˜ as defined is less than FΩ(1), except in case G with ζ = ω2;
then η = Fζη(1), η˜ = FΩ(1).
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Remark 2: By using proposition 4 for the condition η < FΩ(1) we only use an initial
segment of the sequence F1; because we can for the time being forego deciding in case of F,
whether proposition 4 for η > FΩ(1) is valid; this may be a difficult problem.
But if you only refer to Nr. 3 of this section and limit claims 1) 2) accordingly, you can
extend the sequence F1 to a bigger one with the help of further normal functions of second
class, as one can easily show; but from a certain point we are missing again the necessary
proof. But we do not want to do this because we’ll only use an initial segment of F1. With
the help of this initial segment, however, we get (as we shall see at once) distinguished
sequences for a significantly larger initial segment of the second-class than Veblen.
Now, as in §3, we define distinguished sequences for all limit ordinals y < H(1) = φFΩ(1)(1)
(the limit H(1) could of course be further advanced):
We define ω=→→ Limn<ω(1+n) and assume that we have for each limit ordinal y
′ < y defined
a distinguished sequence, where ω < y < H(1); then one can also define a distinguished
sequence for y.
One can distinguish two cases:
1) If y is not in V φ0 the definition of the distinguished sequence is carried out very simply
and exactly as in No. 3 of §3.
2) If y is in V φ0, then there exists a largest ordinal η with 0 ≤ η ≤ FΩ(1), so that η is
in V φη, but not in V φη′ for η < η
′ < FΩ(1). Again this can easily be seen with the same
deduction, as will be given in §5. So we have y = φη(x) > x. η may be in V F0 or not. Since
in both cases Proposition 4 applies, one can proceed exactly as in No. 3 of §3:
If x is of the second kind, then theorem 1 of §2 is used.
Otherwise x is of first kind. If η = 0 then the definition of the distinguished sequence for
y is obvious. Is η is of the first kind, you use theorem 2 of §2. If η is of the second kind, then
theorem 3 of §2 is used. This is due to φη(1) > τη; because if φη(1) = τη held, by proposition
4 a η˜ of third kind would exist with η < η˜ ≤ FΩ(1), so that y would be in V φη+1; that would
be a contradiction to the assumption that y is not in V φη′ for η
′ > η. If η is of the third
kind, you can also proceed exactly as in §3 (Return of the case to the other cases by finitely
many Regressions).
To conclude this section we want to compare our bound H(1) to the bound E(1) of the
procedure of VEBLEN:
Now,
E(1) = φΩΩ+1(1) = φF0(Ω)+1(1)
H(1) = φFΩ(1)+1 = φFω2(Ω)+1(1)
E(1) is the first critical point of φF0(Ω), H(1) the first critical point of φFω2(Ω). Finally
H(1) > φFΩ(1)(1) = φF2(1)(1) > φF1(1)(1) > φF 20 (1)(1) = E(1).
§ 5 Conditions for the possibility of a complete solution of the problem
of the distinguished sequences by means of the procedure of VEBLEN
1. A problem of interest would be to continue the procedure of VEBLEN still further and
thereby to expand the sequence F1 of normal functions of first class to a more comprehensive
sequence F until you get that all the limit ordinals of the second number class have been
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assigned distinguished sequences. In this section we see what kind of properties such a
sequence would have to have.
We assume that we have a sequence F = {φη} of a certain length Λ (where Λ is a limit
ordinal ≤ ω2) of normal functions φη of first class given, with the properties (for all η < Λ):
1) a) φ0(x) = ω
x.
b) If η = η′ + 1 then φη = φ
′
η′ .
c) If η is of the second kind, η has assigned a limit ordinal τη of the second number
class and an ascending sequence {ηx} of length τη, so that η=
→Limx<τηηx; V φη =
Dx<τηV φηx .
d) If η is of the third kind, η has assigned an ascending sequence {ηx} of length Ω,
so that η=→Limx<Ωηx; φη(x) = φηx(1).
2) For the sequences {ηx} resp. {φηx} in 1), i.e. for all x with 1 ≤ x < τη (in particular
for 1) d) for all x with 1 ≤ x < Ω), the following hold:
a) If x is a limit, then ηx=
→Limx′<xηx′
b) ηx + 1→ ηx+1 where the arrow again has meaning as defined in §3, No. 2.
3) If η is of second kind, η=→Limx<Ωηx and φη(1) = τη, then there exists a certain ordinal
number η˜ of the third kind with η˜ = Limx<Ωη˜x and η < η˜ < Λ (i.e. φη˜+1 in F), such
that η˜x = ηx for x < τη, η˜τη = η.
4) If {ην} is a sequence (whose length is a limit ordinal λ) with Limν<λ = Λ, then
Dν<λV φν is empty.
In No. 2 of this section we will prove that you can with the help of such a sequence F
solve the problem of the distinguished sequences really for the whole second number class.
Conditions 1) and 2) apply to the sequences F0 (§3, No. 2) and F1 (§4, No. 3). Condition
2) needs to be proved, hence for the sequences {φηx} the properties I) and II) of §2 are met,
so that the definitions of φη (if η is a limit ordinal) in 1), and the theorems of §2 apply. Also
the further conditions may be proved, as we will see.
2. We now want to assume the existence of a sequence F with the above properties and
draw conclusions.
Theorem 1: If {ηx′} is any ascending sequence of length Ω of ordinal numbers, such that
all φη′x (for all x < Ω) belongs to F (i.e., η
′
x < Λ for all x < Ω), then Dx<ΩV φη′x is empty.
Proof: Let η = Limx<Ωη
′
x; then η is of the third kind. If η = Λ, then Dx<ΩV φη′x is empty
by property 4).
If η < Λ and η=→Limx<Ωηx, then by assumption 1) d)Dx<ΩV φηx is empty, since Limx<Ωφηx
(1) = Ω. We are now investigating Dx<ΩV φη′x .
If α lies in Dx<ΩV φη′x , then α lies in all V φη′x . Now for any x0 < Ω, there exists an
x1 < Ω, such that ηx0 ≤ ηx′1 < η.
Since α is in V φηx′1
, α is also in V φηx0 (because V φηx′1
is as the result of 2) for the sequence
{φηx} a subset of V φηx0 ).
Since this holds for any x0 < Ω, η is in Dx<ΩV φηx so Dx<ΩV φη′x is a subset of Dx<ΩV φηx ,
so Dx<ΩV φη′x is the empty set.
Remark: If you drop the requirement 4) (you take e.g. any portion of F0 or F1), then
theorem 1 applies only if the restriction Limx<Ωη
′
xΛ is taken as a condition.
21
Theorem 2: The length Λ of F is a limit ordinal of the third number class.
Proof: Assumption: Λ = ω2. Let α be in V φ0. We take in F all φη, for which α lies
in V φη. So we get a sequence {φη′ν} of length ξ (ν runs through all ordinals < ξ). Either
this sequence has a last element (if ξ is of the first kind), or then Limν<ξη
′
ν < Λ, because
otherwise ξ = ω2, so you would have an initial segment of the sequence {η
′
ν}, whose length
equals Ω and whose limit would be < Λ; so by theorem 1 Dν<ΩV φη′ν would be empty, which
contradicts the definition of the sequence {φη′ν}. Because the conclusion holds for any ordinal
α from V φ0, for every such α there exists an ordinal ηα < ω2, such that α is not in V φη
for all η η0 < η < Λ. The limit of all ηα is H . Then there is no element of V φ0 in V φη
for η > H . But since H < Λ, this yields a contradiction that all V φη for η < Λ consist of
ordinals from V φ0. – So Λ < ω2.
Theorem 2’: Λ is of the third kind.
Proof: For the sake of proof we assume that Λ is of the second kind; then there is a
sequence {ηm} of length ω with Limm<ωηm = Λ. We now take a fixed m < ω and define a
finite sequence {ζn}:
Let ζ0 = ηm+1.
If ηm + 1 < ζn and ζn = ζ
′
n + 1, let ζn+1 = ζ
′
n. Then V φζn is a subset of V φζn+1.
If ηm + 1 < ζn and ζn is a limit ordinal with ζn=
→Limx<τζnσx, let σx0 be the first member
of the sequence {σx} with σx0 > ηm and let ζn+1 = σx0 . Then there is an ordinal y < Ω,
such that the suffix of V φn defined by φζn(x) > y is a subset of that suffix of V φζn+1 defined
by φζn+1(x) > y.
After finitely many steps a ζn0 = ηm+1 is reached; so there is an ordinal y
(m), such that
the suffix of V φηm+1 defined by φηm+1(x) > y is a subset of that suffix of V φηm+1 defined by
φηm+1(x) > y; the considered suffix of V φηm+1 consists only of critical points of V φηm .
For every m < ω there exists such a y(m); denote the limit of all y(m) as y0. Then
y0 < Ω, and the intersection of the suffixes of V φηm defined by φηm(x) > y0 is not empty (cf.
requirement I) of §2), so Dm<ωV φηm is not empty, which contradicts requirement 4) of this
section.
Theorem 3: If you have uniquely constructed a sequence of length Λ, of the third kind
< ω2 then the problem of the distinguished sequences for the whole second number class is
solvable.
Proof: a) We set ω=→→Limn<ω(1+n) and suppose, we have defined a distinguished sequences
for all the limit ordinals y′ < y, where y is a limit ordinal with ω < y < Ω and show that a
distinguished sequence for y can be defined.
b) If y is not in V φ0, so y = ω
x0 · x1 + x2, where 1 ≤ x0 < ω, 1 ≤ x1 < ω, 0 ≤ x2 < ω
x0.
you can see that the distinguished sequence of y is just like that defined in Nr, 3 of §3.
c) If y lies in V φ0, then there is a last normal function φη of F, such that y is in V φη,
but not in V φη′ for all η
′ with η < η′ < Λ. This can be shown as follows:
Let {η′ν} be the sequence of length λ, such that y is in all V φην′ , and only in these
sets of values (where ν goes through all the ordinals < λ). We assume this sequence has
no last element, i.e. λ is a limit ordinal. Set η′ = Limν<λη
′
ν , from 4) immediately follows
η′ < Λ. Were η′ of the third kind, you could show exactly as in the proof of theorem 1, that
Dν<λV φη′ν would be empty; So you would have a contradiction. Were η
′ of the second kind,
so η′=→Limx<tauη′η
′′
x, one could show that, as in the proof of theorem 1, Dν<λV φη′ is a subset
of Dx<τη′V φη′′x = V φη′ , i.e. that y would also be in V φη′ , which contradicts the requirement.
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So the sequence {η′ν} has a final element, that we call η. - So you have y = φη(x) > x.
d) One can now define a distinguished sequence for y as in the previous section (cf. §3,
No. 3). We summarize only briefly:
Let x be first kind. Then η = 0, so the definition of the sequence of y is obvious. Is η
first kind, so use theorem 2 of §2. Is η of the second kind, η=→Limx<τηηx, then use theorem
3 of §2 for the sequence {φηx}. This last definition fails, if y = φη(1) = τη. But that can not
happen otherwise, assuming condition 3), an ordinal η˜ > η would exist, so y would be in
V φη+1. If η is of third kind, then the case can be reduced through finitely many regressions
to the other cases. As shown in §3, in the case of the application of theorem 3 of §2 no
failure of the definition can occur.
If x is of the second kind, then use the first theorem of §2.
At the proofs of the restricted theorem 1 and the theorem 2 we have that only conditions
1) and 2) are used; Conditions 3) and 4) are only essential for Theorem 2’ and 3. Theorem 2
says that the sequence F while preserving their properties 1) and 2) can not continue through
the entire third class of ordinals, as it may seem at first. The third theorem is the problem
of the distinguished sequences on the (not less difficult) of existence (or the construction)
from the preceding. We can clearly define what we mean by continuation of the procedure
from VEBLEN to the desired complete solution of the problem of distinguished sequences:
below it is supposed to form a sequence of normal functions with the above given conditions.
There is no sequence of normal functions with these properties (which is possible), so you
can not solve the problem of distinguished sequences with the method of VEBLEN.
Remark: The train of thought of §§3 to 5 can by the way be easily generalize to higher
number classes or normal functions of higher classes. The problem of the distinguished
sequences would then be generalized: For every limit ordinal η < ωk+1 (where k is any fixed
integer) choose a unique ascending sequence {ηx}, whose length λ is a limit ordinal with
ω ≤ λ ≤ ωk, such that η = Limx<ληx.
§ 6 The analog for number-theoretic functions
1. For the monotonically increasing number-theoretic functions f(x) (as a normal func-
tions of 0th class) can be given analogous considerations. Here the argument goes through
all natural numbers and Limx<ωf(1 + x) = ω. Since such a function does not have critical
points, let us substitute another operation for the derivation, which results in a dilution of
the values of the function, e.g. the formation of the iteration g(x) = f 2(x) = f(f(x)) from
f(x). If one uses only such number-theoretic functions f(x), which satisfy the condition
f(1) > 1 (which we also assumed in the normal functions of first class), then g(1) > f(1)
and V g is a subset of V f . Similar to the method of VEBLEN one can then for a given initial
function, e.g. 2x, form their iteration, from the new function again the iteration, etc., then
take the first values of the generated function sequence of type ω etc.
The sequence of normal functions of first class in §5 would thus become a sequence
F′ = {fn} of length λ (where λ is a limit ordinal ≤ Ω) of number-theoretic functions fη, with
the properties (valid for all η < λ):
1) f0(x) = 2
x (e.g.).
2) If η = η′ + 1, then fη = f
2
η′ .
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3) If η is of the second kind, so η has an associated ascending sequence {ηx} of length ω
so that η=→Limx<ωηx, then ηx + 1 → ηx+1 for all x < ω, and fη(x) = fηx(1). We introduce
the abbreviation α→ β for: V fη is a subset of V fα for all η with α < η ≤ β.
The other conditions which we set up for F, are invalid or not of interest here.
2. Assuming the existence of such a sequence F′ of number-theoretic functions one deduces
according to §5 the theorems:
Theorem 1: For each sequence {fη′} of length ω of number-theoretic functions from F
′
Dn<ωV fη′n is empty, provided Limn<ωη
′
n 6= λ
2.
Proof: Let η = Limn<ωη
′
n. Because η < λ fη exists, and one has a sequence η=
→Limx<ωηx.
Exactly as in the proof of theorem 1 of §5, Dn<ωV fη′n is a subset of the empty set Dx<ωV fηx ,
so is empty.
Theorem 2: λ < Ω.
Proof: Assumption: λ = Ω. Let α be an element of V f0. We take all fη in F
′, with
α in V fη; so we get an ascending sequence {η
′
ν} and a sequence {f
′
ην
} of number-theoretic
functions, of length ξ. Either this sequence has a final element (if ξ is of the first kind), or
Limν<ξη
′
ν < λ (because otherwise ξ = Ω would hold, so a subsequence of length ω of the
sequence {η′ν} would exist, whose limit is less than λ, which would immediately lead to a
contradiction because of theorem 1).
Thus, for every α from V f0 there exists an ordinal η0 < Ω, so α is not in V fη for all η
with ηα < η < λ. Let H be the limit of the ηα, so H < Ω and no α from V f0 is in V fη for
η > H , which is impossible. So the assumption λ = Ω is to be rejected.
A sequence with the properties of F′ can not be of length Ω (by such an assignment of
number-theoretic functions to the ordinal numbers an uncountable a priori well-order in the
continuum would thereby be attainable; cf. No. 2 of 1)
3. Application. It is not possible to assign to all of the limit ordinals η of the third
class sequences {ηx} of lengths τη < Ω, so that the conditions 2) a) and 2) b) of No. 2 of §3
are met. Otherwise you could conclude the existence of a sequence of length ω2 of normal
functions of first class having the conditions 1) 2) of No. 1 from §5, which is impossible
according to §5 (because exactly like in No. 2 of §3 one would exclude from 2) b) of §3 the
condition 3) of §3, i.e. one can prove the condition 2) b) of §5 and thus also 1) of §5 for all
η < ω2).
The conditions 2) a) and 2) b) of §3 correspond in the second number class to the
following problem of distinguished sequences with a constraint: Each limit ordinal η of the
second number class has a unique ascending sequence {ηn} of length ω assigned, so that
η=→Limn<ωηn, and for 0 ≤ η < ω, ηn < β ≤ ηn+1, and β=
→Limn<ωβn the relation β0 ≥ ηn
follows.
It is very easy to see that solutions to this problem exist, if you limit yourself to any
initial segment of the second number class (however, you can only select a clear solution if
you have clearly solved the problem of the distinguished sequences without constraint).
Set ω=→Limn<ω(1 + n). We assume all limit ordinals η, which is smaller than a certain
limit ordinal x > ω of the second number class, have associated sequences {ηn} with the
above constraint and show that all limit ordinals ≤ x can then be assign such sequences:
Let {xη} be an ascending sequence for x; if η is a limit with xn < η ≤ xn+1 (0 ≤ n < ω)
2Whether the theorem also applies in the case Limn<ωη
′
n = λ in general, is questionable.
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and associated sequence {ηn}, replace the sequence {ηn} by the suffix, whose first member
is ≥ xn; if η ≤ x0, let the sequence {ηn} be changed. The new sequences with the sequence
{ηn} satisfy the constraint.
Since with this induction proof with each step the already existing sequences is changed,
you can not conclude that the problem is solvable for the whole second number class. It
even holds the
Theorem: With the above constraint, the problem of the distinguished sequences can not
be solved for all limit ordinals of the second number class.
Proof: We show that assuming the opposite, that a sequence of number-theoretic func-
tions with the properties 1) to 3) of F′ (where the sequence {ηx} in condition 3) is just
the given sequence of η with the above constraint), which would be of length Ω, could be
constructed according to the remarks of this section, is impossible:
Set f0(x) = 2
x. If all fη′ for η
′ < η (where 1 ≤ η < Ω) have been defined satisfying the
required conditions, you can also define fη:
If η = η′ + 1, then fη = f
2
η′ .
If η is of the second kind and {ηx} the given sequence for y, so for fixed m < ω we define a
finite sequence {ζn} through the stipulations: Let ζ0 = ηm+1. If ηm+1 < ζn and ζn = ζn+1,
set ζn+1 = ζ
′
n; so ηm+1 ≤ ζn+1 < ζn and ζn+1 → ζn. If ηm + 1 < ζn, ζn is of second kind,
and {ζ
(x)
n is the ascending sequence for ζn, let ζn+1 = ζ
(1)
n ; then ηm + 1 ≤ ζn+1 < ζn and
ζn+1 → ζn. After finitely many regressions, ζn0 = ηm+ 1; this is followed by ηm +1→ ηm+1,
and you can set fη(x) = fηx(1).
§ 7 Reduction of the problem of the distinguished sequences
to other problems related to normal functions
1. As you can easily show (see note 2 of this paragraph), you can have distinguished
sequences for all limit ordinals of the second number class determined, if you have such
already available for all ordinals of V φ0, i.e. for all ordinals ω
x (1 ≤ x < Ω). Therefore, we
want to limit ourselves to V φ0 in this appendix. Furthermore, we introduce the following
abbreviation: If {yη} is an ascending sequence of length ω of ordinal numbers, let ∆yn =
yn − yn−1 (defines for 1 ≤ n < ω) be the corresponding difference sequence.
We now prove the equivalence of the following four problems:
1) The problem of the distinguished sequences for the set V φ0; i.e. any ordinal y of
V φ0 has assigned a distinguished sequence 0 < y0 < y1 < y2 < . . . of length ω with
Limn<ωyn = y.
2) The above problem with the following constraints:
a) y0 < ∆y1;
b) ∆yn ≤ ∆yn+1 for 1 ≤ n ≤ ω.
3) Any number y of V φ0 has assigned a normal function ψy of first class, such that y is
the first critical point of ψy (y = ψy′(1).
4) To any given normal function f(x) of first class, whose values are only ordinals of
V φ0, to uniquely assign a normal function F (x) such that F
′(x) = f(x).
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For the equivalence of the problems the following property must be proved: If you have
a solution to such a problem, you can also for the other problems above construct unique
solutions.
Proof of equivalence:
1) We first prove the equivalence of the first two problems. We just have to show that
we can from a clear solution of the first problem construct a unique solution to the second
problem (because the converse is trivial):
Suppose y = ωx and x = x′ + 1. Then set yn = ω
x′ · (1 + n), thus one has a sequence
{yn}, that meets the constraints of the second problem.
But if y = ωx, x is a limit and {yn} is the given distinguished sequence for y satisfying
the condition, then for every n < ω we can choose the smallest ordinal xn > 0 such that
yn ≤ ω
xn. Then Limn<ωω
xn = y. In this sequence, members appear several times, so you
take them only once. The resulting ascending subsequence {zn} satisfies conditions a) and
b); because all the zn are V φ0, and after the second proposition of §4
∆zn = zn for 1 ≤ n < ω
2) Next we prove the equivalence of the second and third problem:
a) Suppose one has a given solution to the second problem. Then you can solve the third
problem clearly: Let y be an arbitrary ordinal from V φ0. By assumption, y has a sequence
{yn} with the constraints a) and b) satisfied. We now define the normal function ψy as
follows:
Let ψy(x) = y0 + x for 1 ≤ x < y0, further
ψy(y0) = y0 · 2
For given n
ψn(yn + x) = yn+1 + x for 1 ≤ x < ∆y0
ψy(yn+1) = yn+1 +∆yn+1;
this then holds for 0 ≤ n < ω.
Finally, let ψy(x) = x for all x with y ≤ x < Ω.
ψy(x) is a normal function; because first, it is monotonically rising (because of ∆yn ≤
∆yn+1) and second, it is continuous: if yn+1 is a limit ordinal, then Limx<∆yn+1ψy(yn+ x) =
yn+1 + ∆yn+1 = ψy(yn+1) = ψy(Limx<∆yn+1(yn + x)) for 0 ≤ n < ω, and if y0 is a limit
ordinal, then Limx<y0ψy(x) = y0 + y0 = ψy(y0) = ψy(Limx<y0(1 + x)); Furthermore, because
of yn < ψy(yn) ≤ yn +∆yn+1 = yn+1, Limn<ωψy(yn) = Limx<yψy(1 + x) = y. In addition, y
is the first critical point; because 1 ≤ y′ < y, you have three cases: y′ < y0, y
′ = yn (for a
given n), or y′ = yn + x (for a given n and 1 ≤ x < ∆yn+11). In the first case, ψy(y
′) > y′
because yn > 0; in the second case ψy(y
′) = yn + ∆yn > yn = y
′, because ∆yn > 0; in the
third case would be ψy(y
′) = y′, that is, yn+1 + x = yn + x, so ∆yn+1 + x = x; but because
the first critical point of the normal function χ(x) = ∆yn+1 + x is ∆yn+1 · ω x ≥ ∆yn+1 · ω
would hold, which is a contradiction to the assumption x < ∆yn+1.
b) Converse: Suppose the third problem is clearly solved and y is an element of V φ0; by
assumption, one has the normal function φy(x). Then, by Theorem 2 of §2, y = Limn<ωψ
n
y (1).
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{φny (1)} is an ascending sequence because 1 is not a critical point of ψy. Further, (see No. 3
of §1)
ψ0y(1) = 1 ≤ ψy(1)—1 ≤ ψ
2
y(1)—ψy(1) ≤
ψ3y(1)—ψ
2
y(1) ≤ . . .
i.e. our sequence for y satisfies the constraints a) and b).
3) Finally, we prove the equivalence of the third and fourth problems:
a) A clear solution of the third problem is followed by a clear solution of the fourth: Let
f(x) be a given normal function whose value set is a subset of V φ0. Now set
F (f(x) = f(x)
F (f(x+ y) = f(x) + ψf(x+1)(y) for 1 ≤ y < f(x+ 1);
this then holds for 1 ≤ x < Ω.
Our function F is a normal function, as can be demonstrated by using Proposition 2 of
§4; furthermore F (f(x)) = f(x), F (y) > y for y 6= f(x).
b) Converse: The fourth problem has clearly been solved, and y is an arbitrary ordinal
from V φ0; then we define the normal function f(x) by specifying: V f consists of exactly all
ordinals of V φ0, which are ≥ y. By assumption, there exists a well-defined normal function
F (x), such that F ′(x) = f(x), so y = F ′(1). Set ψy(x) = F (x), so you have a solution to
the third problem.
2. Comments:
1) The second problem is a problem of distinguished sequences with a constraint. If you
limit yourself to V φ0, it has solutions. But it is not solvable for all limit ordinals of the
second number class; because e.g. y = ǫ+ω and y = Limn<ωyn, where {yn} is any ascending
sequence for y. Then let yη0 be the first member of the sequence with yn0 ≥ ǫ. If n0 = 0,
then you have y0 > ∆y1; if n0 > 0, then ∆yn0 ≥ ǫ, {Deltayn0+1 < ǫ, that is ∆yn0 > ∆yn0+1.
In both cases, then, the constraints of the second problem are not fulfilled.
On the other hand, if the constraint a) is dropped, you have the problem of distinguished
sequences with only one insignificant secondary condition b); this is solvable for the whole
second number class; because you can easily find the equivalence of this problem with the
problem of proving the existence of distinguished sequences without constraint:
You just have to show that from a clear solution of the latter a clear solution of the
former can be constructed (the converse is trivial): For ω, ω = Limn<ω(1 + n). Let y > ω
be a limit ordinal of the second number class with a given distinguished sequence, and we
have constructed sequences for all the limit ordinals y′ < y, satisfying b). Then one can also
construct such a sequence for y: If y is in V φ0, you can even construct a sequence complying
with a) and b) (according to the above argument in No. 1 of this section). If y is not in
V φ0, we write y = ω
x0 · x1 + x2, with 1 ≤ x0 < ω, 1 ≤ x1 < ω, 0 ≤ x2 < ω
x0.
Then x2 is of second kind and {ζn} is the corresponding sequence with the property b),
ωx0 ·x1+ ζn is such a sequence for y. If x2 = 0, x1 = x
′
1+1(x
′
1 ≥ 1) and {ζn} is the sequence
with property b) belonging to ωx0, then {ωx0 · x′1 + ζn} is such a sequence for y.
2) The essential result of this section, however, is the reduction of the problem of the
distinguished sequences to the third or fourth problem; these problems (for V φ0) are equiv-
alent to the problem of distinguished sequences for all limit ordinals of the second class, as
27
one can easily show; because of the proven equivalence of the four problems, one only has to
show that the first problem is equivalent to the problem of the distinguished sequences (for
all limit ordinals of the second number class):
We assume that the problem of the distinguished sequences is solved for all ordinals from
V φ0 and for all limit ordinals < y, where y is a limit with ω < y < Ω, that is not in V φ0.
Then you can define an distinguished sequence for y, by writing y = ωx0 · x1 + x2 and takes
the same definitions as in No. 3 of §3.
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